A two parameter mathematical model was developed to find the concentration for immobilized enzyme systems in porous spherical particles. This model contains a non-linear term related to reversible Michaelies-Menten kinetics. Analytical expression pertaining to the substrate concentration was reported for all possible values of Thiele module φ and α . In this work, we report the theoretically evaluated steady-state effectiveness factor for immobilized enzyme systems in porous spherical particles. These analytical results were found to be in good agreement with numerical results. Moreover, herein we employ new "Homotopy analysis method" (HAM) to solve non-linear reaction/diffusion equation.
INTRODUCTION
The enzymes can be easily separated from the reaction bulk and reused by using immobilized enzymes on a porous support. Here the reaction occurs only inside the particle. Hence the external diffusion processes and diffusion within the particles affect the reaction rate. The internal diffusion effects can be quantitatively expresses by the effectiveness factor η (ratio of the average rate inside the particle to the rate in the absence of diffusional limitations). The mathematical models for estimating the effectiveness factor for heterogeneous enzymatic systems are developed on the basis of the following assumptions [1] . The catalytic particle is spherical and its radius is R, the enzyme is uniformly distributed throughout the whole catalytic particle, the enzyme reaction is mono substrate, the system is at steady-state and is isothermal, the mass transfer resistance between solution and particle external surface is negligible, the substrate and product diffusion inside the catalytic particle can be modeled by the first Fick's law and the effective diffusivity does not change through out the particle.
In this assumption, a two-parameter model was proposed by Engasser and Horvath and this provides generalized plots of the effectiveness factor as a function of dimensionless modulus for the evaluation of simple Michaelis-Menten and product competitive inhibition kinetics. This model is used in the design of heterogeneous enzymatic reactors: fixed bed reactors [2] continuous tank reactors [3] and fluidized bed reactors [4] . The same model is used for the simulation of a packed bed immobilized enzyme reactor performing lactose hydrolysis.
Only numerical solutions were available for all the above said models since substrate concentration rate is a non-linear function of the substrate and product concentrations. More often finite differences [5] and orthogonal allocation [6] methods were used to solve the boundary value problem. Here as in enzymatic kinetics, the result is non linear equations system whenever the mass balance equations are non-linear. The solution may not be unique and can have convergence problem if finite differences were used [5] . The orthogonal allocation method is not reliable when high diffusional limitations occur because this method uses polynomial expressions to approach the concentration profiles [6] . To solve the boundary value problem Range Kutta method can also be used and here the initial substrate concentration is needed which is unknown. This can be calculated by successive calculations (shooting method) [7] .
Analytical solutions have been obtained in the limiting cases of zero and first reaction order [8] [9] [10] . For the remaining, numerical calculus has been ordinarily used, being the different variables of the system expressed in dimensionless form [11] [12] [13] [14] [15] [16] [17] . The calculus complexity increases when the reaction mechanism is more complex [18, 19] (Michaelis-Menten Kinetics). When reversible or product competitive inhibition mechanisms have been considered, only external diffusional limitations [20] have been evaluated, otherwise unsatisfactory results were obtained [21] [22] [23] .
Recently Gomez et al., [1] presented the effectiveness factor of two-parameter model using Runge-Kutta method. However, to the best of author's knowledge, no general analytical results of substrate, product concentrations and effectiveness factor for immobilized enzyme on porous supports have been published. The purpose of this article is to derive steady state analytical expression of substrate, product concentration and the effectiveness factor using Homotopy analysis method (HAM). Figure 1 represents the schematic representation of the geometry adopted by spherical catalyst particle [1] . In general, it was assumed that in steady-state system the substrate and product diffusion inside the catalytic particle can be modeled by the first Fick's law and the effective diffusivity does not change through out the particle.
FORMULATION OF THE BOUNDARY VALUE PROBLEM AND ANALYSIS
Under the above assumptions, the coupled differential equations for substrate and product in spherical co-ordinates are [1]:
Now the boundary conditions are [1]
;
where reaction rate
Here S C and P C denote the dimensional substrate and product concentration, r is the radial co-ordinate, R denotes the radius of the particle, S D and P D are the diffusion-coefficients of the substrate and product respectively, SR C and PR C denote the local substrate and product concentration., eq K is the reaction equilibrium constant, m K is the Michaelies-Menten constant and m V defines the maximum reaction rate. The form of S V determines the mathematical method to solve the above equations and its complexity. Adding Eqs.1 and 2 and using the boundary conditions given by Eqs.3 and 4 the following relationship can be established: Figure 1 . Schematic representation of the geometry adopted by spherical catalyst particle.
Substituting the value of P C in S V , we can obtain
where
We make the non-linear differential equations outlined in Eqs.1 and 2 dimensionless by introducing the following dimensionless parameters:
where U represents the dimensionless substrate concentration,  denotes the dimensionless radius of the particle,  and  denote the dimensionless modulus. Now the Eqs.1 and 2 reduces to the following dimensionless form [1] :
The boundary conditions are given by 0;
1;
The effectiveness factor is [1]
The set of expressions presented in Eqs.9, 10 and 11 define the boundary value problem.
HOMOTOPY ANALYSIS METHOD
Liao [24] proposed a powerful analytical method for nonlinear problems, namely the Homotopy analysis method (see Appendix A). Different from all reported perturbation and non-perturbative techniques, the Homotopy analysis method [25] [26] [27] [28] [29] [30] itself provides us with a convenient way to control and adjust the convergence region and rate of approximation series, when necessary. Briefly speaking, the Homotopy analysis method has the following advantages: It is valid even if a given nonlinear problem does not contain any small/large parameters at all; It can be employed to efficiently approximate a nonlinear problem by choosing different sets of base functions. In this paper we employ HAM to give approximate analytical solutions of coupled non-linear reaction/diffusion Eq.9. Using Homotopy analysis method (see Appendix -A) we can obtain the following new approximate substrate concentration by solving the Eq.9.
 
Using Eq.12, we can obtain the effectiveness factors and arctanh
Eqs.12 and 13 represent the new approximate analytical expression of substrate and effectiveness factor for all values of parameters
LIMITING CASES

Case I: First Order Catalytic Kinetics
In this case U   . Now the above Eq.9 reduces to
Using reduction of order method we can obtain the substrate concentration as
The effectiveness factor is
Case II: Zero Order Catalytic Kinetics
In this case U   . Now the Eq.9 reduces to
Solving Eq.18, we can obtain the concentration of the substrate as follows:
where   
RESULTS AND DISCUSSION
Eqs.12 and 13 represent the analytical solution of the concentration of substrate and effectiveness factor respectively. The Thiele modulus  can be varied by changing either the particle radius or the amount of concentration of substrate. This parameter describes the relative importance of diffusion and reaction in the particle radius. When  is small, the kinetics are the dominant resistance; The overall uptake of substrate in the enzyme matrix is kinetically controlled. Under these conditions, the substrate concentration profile across the membrane is essentially uniform. In contrast, when the Thiele modulus  is large, diffusion limitations are the principal determining factor.
Numerical Simulation
The HAM provides an analytical solution in terms of an infinite power series. However, there is a practical need to evaluate this solution and to obtain numerical values from the infinite power series. The consequent series truncation and the practical procedure conducted to accomplish this task, together transforms the otherwise analytical results into an exact solution, which is evaluated to a finite degree of accuracy. In order to investigate the accuracy of the HAM solution with a finite number of terms, the system of differential equation were solved. To show the efficiency of the present method for our problem in comparison with the numerical solution (SCILAB program) we report our results graphically. The SCILAB program is also given in Appendix (C). U   (steady-state value). When  is small, the overall uptake of substrate in the enzyme matrix is kinetically controlled and the substrate concentration profile across the membrane is identical. Figure 3 represents the effectiveness factor  versus dimensionless Thiele modulus  for different values of dimensionless module  . From this figure, it is inferred that, a constant value of dimensionless module  , the effectiveness factor decreases quite rapidly as dimensionless module  increases, approaching zero at high values, which corresponds to internal diffusion controlled processes. Moreover, it is also well known that, a constant value of dimensionless module  , the 
Comparison of Analytical and Numerical Results
Figures 2(a)-(c)
CONCLUSIONS
A non-linear time independent equation has been formulated and solved analytically using Homotopy analysis method. The primary result of this work is the first approximate calculations of substrate concentrations and effectiveness factor for non-linear Michaelis-Menten kinetic scheme. A simple closed form of analytical expressions of steady-state substrate and effectiveness factor are given. The analytical expressions for the substrate concentration profiles for all values of parameters  and  are derived using Homotopy analysis method.
This method is an extremely simple method and it is also a promising method to solve other non-linear equations. The extension of this procedure to other direct reaction of substrate at underlying microdisc electrode surface seems possible. 
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